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ABSTRACT

Techniques in numerical simulation such as the finite element
method depend on basis functions for approximating the geome-
try and variation of the solution over discrete regions of a domain.
Existing visualization systems can visualize these basis functions
if they are linear, or for a small set of simple non-linear bases.
However, newer numerical approaches often use basis functions of
elevated and mixed order or complex form; hence existing visu-
alization systems cannot directly process them. In this paper we
describe an approach that supports automatic, adaptive tessellation
of general basis functions using a flexible and extensible software
architecture in conjunction with an on demand, edge-based recur-
sive subdivision algorithm. The framework supports the use of
functions implemented in external simulation packages, eliminat-
ing the need to reimplement the bases within the visualization sys-
tem. We demonstrate our method on several examples, and have
implemented the framework in the open-source visualization sys-
tem VTK.
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1 INTRODUCTION

Interpolation and approximation functions play a major role in nu-
merical computation, simulation, and computer modeling. These
basis functions take a variety of forms ranging from the linear,
isoparametric shape functions found in finite element analysis to
the complex non-uniform rational B-splines found in modeling and
CAD applications. These functions are typically codified in small,
finite subregions of a domain referred to as elements or cells. Such
elements are defined by a set of maps: let R be the parametric space;
each attribute, @ : R — F may have a different type of interpolant,
with geometry being a special attribute, Z, that has subset X C R3
as its range and parametric coordinates (r,s,). Typical bases range
from continuous interpolants such as orthogonal Legendre, Her-
mite, or Lagrange polynomials seen in finite element models
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to piecewise tensor-product B-Spline basis functions defined by
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Figure 1: Results for mesh with linear geometry and cubic attribute
basis functions showing (a) linear, (b) one level of uniform subdivi-
sion, (c) adaptive subdivision at 1% error, and (d) adaptive subdivi-
sion of the cubic attribute function at 0.1% error.

where p is the degree
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used by many CAD packages. The common thread among these is
that a unique parameterization exists for the function. Furthermore,
we require E to be locally invertible over its domain so that f(¥) =
®oE"1(¥) exists for all ¥ € X.

Despite the wide use of these basis functions, there is a surpris-
ing lack of tools for visualizing these functions directly, or in the
case of numerical computation, the results data defined across the
range of the basis function (e.g., variation of stress across an el-
ement). While methods for visualizing linear basis functions on
simple computational domains (triangles, tetrahedra, quadrilaterals,
and hexahedra) are quite common, methods for visualizing general
higher-order basis functions are non-existent or require custom soft-
ware solutions. The typical solution used today is to tessellate the
basis functions with fixed levels of subdivision, and then visualize
the resulting linear primitives. The reasons for this approach are
compelling: first, existing visualization and graphics display sys-
tems are optimized for linear primitives, and second, implementing
visualization algorithms applied to non-linear bases is an area of
on-going research with few results thus far. Unfortunately, current
approaches for tessellating basis functions introduces two signifi-
cant problems.



First, the burden of tessellating the mesh lies outside of the visu-
alization system. Generally the simulation package must be mod-
ified to produce output compatible with the visualization system,
or a separate program is used to convert the simulation output to
a form the visualization system can handle. Correctly tessellating
data, in a way that is compatible across boundaries of elements and
that accurately captures the results, is a difficult task. Users tend
to apply uniform subdivision and over-tessellate, exacerbating the
large data problem, or under-tessellate, producing significant errors
in the visualization. As Figure 1 shows, poor tessellation can pro-
duce dramatically differing results.

Second, as alluded to in the paragraph above, there is a decided
lack of integration between simulation packages and visualization
systems that becomes acutely problematic as the complexity of
the basis increases. Typical visualization systems reimplement se-
lected families of interpolation functions (e.g., linear isoparametric
quadrilateral element) corresponding to supported simulation pack-
ages. While this approach works well for linear or low-order bases,
for more complex functions this can be extremely difficult. For ex-
ample, the modern polynomial refinement method (or p-method)
for finite elements employs elaborate interpolation functions that
adaptively and independently vary the interpolation order on edges,
faces and regions, and may even use different interpolation bases
for geometry and dependent data (i.e., the element shape versus
data attributes are interpolated separately). Moreover, some numer-
ical simulation packages use proprietary or highly optimized bases,
and it is difficult if not impossible to replicate the bases in the visu-
alization system.

In this paper we address these two problems by describing a
framework for automatic, adaptive basis function tessellation for
bases that may be codified in external simulation packages. The
framework supports any basis that is uniquely parameterized, pro-
vides the ability to add multiple tessellation error measures, and
implements a simple edge-based, adaptive tessellation method. The
framework has been designed so that it can be parallelized for dis-
tributed computing, and performs local, on demand tessellation of
cells in response to algorithmic queries. We demonstrate the utility
of the framework and show results for finite element and finite dif-
ference simulation. Finally, we have provided the implementation
in the open source VTK visualization system.

2 RELATED WORK

In general, visualizing algorithms implemented on higher-order ba-
sis functions is an open research problem with little treatment in
the literature. Much of the existing work is devoted to specific al-
gorithms such as isocontouring or volume rendering, or is limited
to basis of a particular polynomial order. Meek and Beer [15] de-
scribe a method for contour generation that tessellates the basis in
parametric space, using traditional linear algorithms to produce line
segments interior to the element, and then mapping the line seg-
ments back into global space. Akin and Gray [2] describe a method
for generating contour lines on isoparametric finite elements by
marching along a path of zero variation in isovalue, also computed
in parametric coordinates (reminiscent of techniques for streamline
generation). Gallagher [9] also describes methods for high preci-
sion isocontour generation in finite element meshes. Williams et
al. [27] developed an accurate volume renderer that treats quadratic
and linear meshes.

There is no shortage of work describing basis functions for fi-
nite element application. Probably the most common formula-
tion is the so called isoparametric element, where the interpola-
tion function for both geometry and attribute data is of the same
form [5, 12, 14, 28]. An emerging method in finite element anal-
ysis showing promise in terms of accuracy and the rate of solution
convergence is known as the p-method. In this approach, the poly-
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Figure 2: Overview of the framework architecture.

nomial order of interpolation across each topological entity of the
element (edge, face and interior) may be independently varied as
a function of desired solution accuracy [22]. While promising, the
adoption of this method has been hampered due to its inherent com-
plexity and the lack of supporting visualization tools.

Basis functions are also used in modeling applications to math-
ematically describe the shape of objects. Coon patches, Bezier
splines, non-uniform rational B-splines (NURBS), and other para-
metric surface descriptions are used to describe physical objects
[3, 6, 7, 16]. Such basis functions have traditionally been used
to represent the geometry and topology of physical objects, as in
CAD/CAM application. However, these modeling basis functions
can also be used to interpolate the variation in dependent variables
such as stress, strain, and temperature variation. While tessellat-
ing bases for visualizing geometric models has been addressed [7],
these methods are based solely on geometric considerations, includ-
ing concerns on surface smoothness (i.e., continuity of derivatives).
In numerical simulation both geometric and attribute data are inter-
polated, possibly with different bases. Thus methods that treat both
simultaneously are needed.

While applications of numerical simulation and modeling rou-
tinely employ higher-order basis functions, visualization systems
in general support only linear bases. For example, commercial sys-
tems such as AVS [26], Data Explorer [1, 11, 13], Iris Explorer [23],
and VTK [21] support a wide variety of linear types (e.g., triangle,
tetrahedral, quad, hexahedra, etc.) but provide only limited support
for isoparametric quadratic and infrequently, cubic, bases.

3 APPROACH

In this section we begin by describing the framework used to im-
plement the adaptive tessellation method. We follow this treatment
with details of the tessellation procedure. In the latter part of this
section we describe advanced methods to demonstrate the flexibil-
ity of the framework to support new approaches.



3.1 Adaptor Framework

A major goal of this work was to develop an architecture that would
allow users to plug in their own basis functions, including providing
the ability to link against external simulation packages. We wanted
to avoid reproducing the implementation of the basis functions in
the visualization system, or to force users to write data in a partic-
ular file format. In addition, we did not want to simply translate
one data structure into another (at the cost of significantly increas-
ing memory requirements). To realize this goal, we designed an
adaptor framework residing between the existing linear visualiza-
tion system (VTK in this case) and an external package.

Figure 2 illustrates the key classes of the framework. The typical
data visualization abstraction—that data is represented by a dataset,
and in turn the dataset consists of points and cells—is preserved,
except that the classes’ API removes all assumptions on the linear-
ity of the data. The API also provides a more elaborate traversal
mechanism based on cell and point iterators. These iterators are
used both to traverse over the cells of the dataset, as well as on the
boundaries of a cell. The representation of dependent data associ-
ated with the geometry and topology of the dataset (i.e., attribute
data) is also abstracted. Access to the attribute data is via point and
cell iterators; thus it is possible to associate data with any geometric
or topological entity found in the dataset representation. The design
defines several abstract superclasses, the GenericDataSet, Generic-
AdaptorCell, Pointlterator, Celllterator, and GenericAttributeData
that must be subclassed with concrete class implementations in or-
der to interface to external simulation systems.

The tessellation process is carried out by the GenericCellTessel-
lator (and its subclasses). GenericCellTessellator works with the
GenericSubdivisionErrorMetric and its derived classes to evaluate
various types of error. Generally, these classes can be used as is,
but users can create new tessellation algorithms or add new error
measures to modify the default behavior of the system.

A new concept that we refer to as DOF nodes was introduced
into the design. These nodes represent collections of coefficients at
each topological entity of a cell, excluding the cell corner vertices.
For example, a triangle has four DOF nodes corresponding to its
three edges and interior region. The coefficients define the interpo-
lation function on the particular topological entity with which the
DOF node is associated. Note that these coefficients may be im-
plicitly or explicitly defined and can be omitted in many cases. The
exact meaning and data structure of the coefficients depend on the
particulars of the basis function being represented, and are defined
by the concrete subclasses described previously.

The creation of this new dataset type introduced a different API
into the system, hence existing filters were no longer compatible
with this new dataset. While we considered rewriting all the filters
for the new API, we observed that the number of filters that operate
on general datasets is relatively small, since most filters are special-
ized for particular types of data (e.g., images, polygon meshes). As
a result, we chose the most important algorithms and rewrote them
for the API introduced by the adaptor framework. These algorithms
include contouring, clipping, cutting, streamline generation, glyph-
ing, probing, extracting surface geometry, and outlining the data. A
given algorithm is typically implemented as follows:

for each cell c to be processed {
linearDataSet = TessellateCell(c)
for each linear cell cl in linearDataSet {
OperateOn(cl)
}
}

We also created a general purpose dataset tessellator to linearize the
mesh. The tessellator filter serves as a fallback position: we avoid
linearizing input datasets whenever possible since doing so may
consume excessive memory resources as every cell is tessellated.

With this approach, the cell tessellation is only performed when
absolutely necessary, especially since we can take advantage of the
iterators to visit only those cells that need processing. Further, the
tessellation is performed dynamically and the results of tessellation
are discarded once the processing of each cell is complete. In this
way we avoid tessellating the entire dataset all it once and incurring
the resulting memory cost.

The remainder of this paper focuses on the tessellation algo-
rithms used to reimplement the algorithms referred to previously.

3.2 Edge-Based Tessellation

The edge-based tessellation that we adopted is similar to [4] and
[19]. Besides the design of our framework, our major contributions
have been to use a more sophisticated error metric, to add additional
efficiencies into the algorithm, and to introduce advanced methods
for tessellation. We describe the basic algorithm in this section,
and discuss the error metric in the next. Finally, we describe some
advanced tessellation methods to demonstrate the flexibility of the
adaptor framework.

The central idea behind the algorithm is simple: each cell edge
is evaluated via an error metric and may be marked for subdivi-
sion. Based on the cell topology, and the particular edges requiring
subdivision, templates are used to subdivide the cell. This process
continues recursively until the error metric is satisfied on all edges.
This algorithm is easily implemented in 2D, but in 3D maintaining
face compatibility is an issue and is discussed later in this section.
There are also several performance issues to consider as well, in-
cluding minimizing the cost of evaluating the error metric.

The advantages of this algorithm are its relative simplicity, and
the fact that cells can be tessellated independently. This is because
edge subdivision is a function of one or more error measures that
consider only information along the edge, and do not take into ac-
count cell information. Therefore no communication across cell
boundaries is required, and the algorithm is well suited for paral-
lel processing and on the fly tessellation as cells are visited during
traversal.

3.2.1 Details

The algorithm operates on topological simplices s} of dimension n
that form a compatible mesh M:

M=\ o @)

The mesh is compatible meaning that simplices intersect only on
boundary faces f]f of dimension p

si NS’ = f¥ with p < min(m,n) and f{ C 57", f C si (S

Here we refer to the s as cells, and note that cells of non-simplicial
topology can be treated by first triangulating them, insuring that the
resulting tessellation is compatible. Also, the algorithm supports
meshes whose cells are of mixed dimension 7.

The algorithm operates on M to produce a linear (both in geome-
try and topology), compatible tessellation M. In the discussion that
follows we distinguish between mesh topological entities f,f (i.e.,
vertices, edges, faces, regions) and tessellant topological entities
f¥. Obviously f¥ are produced from the tessellation of 7.

Edges are subdivided once when the error metric fails. As de-
scribed later in this section, the error metric £ consists of multiple
error measures &;, and if any one exceeds its error threshold SiT the
edge is split

Split edge e if & > s,«T, forany ¢ € E 6)
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Figure 3: A portion of the subdivision case table.

Currently the subdivision splits the edge at the parametric midpoint.
In the future we may optimize the split position to minimize the
error.

After all edges are evaluated, the cell is assigned a case number.
The case number indexes into a subdivision table as illustrated in
Figure 3. The triangle is then subdivided and the process continues.

3.2.2  Face Consistency in 3D

The algorithm requires special treatment when tessellating the faces
of 3D cells. Referring to Figure 3(b), notice that there are two dif-
ferent ways to tessellate the triangle (the face of a tetrahedron) as
indicated by the dotted line. While the method of ordered triangu-
lation [20] can be used to address this situation, we wanted a faster
method specialized to tetrahedra. Ignoring any geometric criteria
used to select the diagonal, we instead use strictly topological de-
ciders. In this case point ids were used, under the assumption that
the cell point ids are unique and can be sorted. The rule here is that
the diagonal edge connecting the lowest point id is selected. (This
is similar to the work of [17].)

In practice we use two subdivision case tables depending on
whether the tetrahedron is a left-handed or right-handed. A right-
handed tetrahedron is one in which the ordering of its indices
{0,1,2,3} is such that the first three indices define a face with an
inward pointing normal (using the right-hand rule). A left-handed
tetrahedron produces an outward pointing normal. Each table con-
sists of 26 = 64 entries where each entry defines the tetrahedra to
be created during subdivision. We decided to use two tables for
efficiency rather than a single table with symmetric modifiers as
in [19].

3.2.3 Efficiency Considerations

Evaluation of the edge error metric can be a time consuming oper-
ation. Further, since many cells may share the same edge, a naive
implementation of the algorithm repeatedly evaluates the error met-
ric many times. Additional costs are associated with edge splitting
including coordinate system conversion and evaluation of the at-
tribute data at the center split point. To improve the performance
of the algorithm, we devised a special hash table to store informa-
tion on edges to insure that calculations are performed only once.
The hash table also stores point ids which are essential for insuring
proper face consistency in 3D as described previously.

The hash table is specially designed to retain edge information
only as long as it is needed. For example, consider a mesh consist-
ing of two higher-order triangles joined along a common mesh edge
e. Then all tessellant edge information produced along e must be
maintained after the first triangle is processed because successful
processing of the second triangle also requires information along e.
It is only after the second triangle is processed that the information
associated with e can be deleted. In 3D, tessellant edge information
on the faces of cells must also be maintained until the adjoining
face neighbor (if any) is processed.
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Figure 4: Definition of the geometric and attribute error measures.

Memory management via reference counting was used to imple-
ment this capability. Edges, when constructed during tessellation,
must be classified in the interior, on the edges, or on the faces of the
original higher-order cell. Tessellant edges have an initial reference
count equal to the number of times the higher-order topological en-
tities on which they are classified are used in the mesh. Once a
cell is processed, it decrements the reference count of all the edges
created during tessellation. Thus all interior edges are immediately
deleted, and tessellant edges on the boundary of the cell may or
may not be deleted depending on whether all neighboring cells have
been processed.

Assigning an initial reference count depends on proper classi-
fication of edges. One way to achieve this is to create a richer
topological structure where tessellant vertices, edges and faces keep
track of their relationship to each other, as well as their relationship
to the original cell. We decided against this approach due to the
costs associated with memory management. Instead, we deduce
the classification of edges from either geometric or topological in-
formation. Edges can be classified using geometric calculations,
with minimal impact on memory requirements, by determining (in
parametric space) whether the edge is located along a cell edge, on
acell face, or interior to the cell. This works well as long as numeri-
cal accuracy concerns can be avoided (e.g., by limiting the depth of
recursive tessellation). Alternatively, topological information can
be used to classify edges. In this case, a classification is carried by
each tessellant vertex. The classification is simply a label that indi-
cates the type and on which topological entity the vertex lies (e.g.
which mesh vertex, edge, face, or region). Then the classification of
any tessellant edge is a simple table lookup based on the topology
of the cell and the classification of the edges vertices. Of course,
any vertices created during subdivision receive the classification of
the tessellant edge as it is subdivided.

3.3 Error Measures

What makes this algorithm adaptive is that edge splitting is con-
trolled by local mesh properties and/or its relation to the view po-
sition. The goal is to insure that the quality of the tessellation is
consistent with the particular requirements of the visualization. In
general, we expect the adapted tessellation to be of better quality as
compared to a fixed subdivision for the same number of simplices,
or have fewer simplices for tessellations of equal quality.

Our design allows for the definition of multiple error measures.
As indicated in Equation 6, the error metric consists of several er-
ror measures, each of which evaluates local properties of the edge
against the linear approximation, and compares the measure against
a user-specified threshold. If any measure exceeds the threshold,
then the edge is subdivided. These error measures may evaluate
geometric properties, approximation to solution attributes, or error
related to the current view, among other possibilities. Error mea-
sures based on geometry or attributes are independent of view and
the mesh requires only one initial tessellation.

The following paragraphs describes several error measures that



we have found useful. Since the tessellator is designed to process a
list of error measures, it is straightforward to add new ones (by de-
riving from the GenericSubdivisionErrorMetric class) and/or com-
bine it with existing error measures.

Object-Based Geometric Error Measure. Referring to Fig-
ure 4(a), this error measure is the perpendicular distance, d, from
the edge center point C to the straight line passing through the cell
edge vertices (A and B). Note that d is computed in world coordi-
nates, but C is computed by evaluation at the parametric center of
the edge. The perpendicular distance is used rather than the dis-
tance between C and D because if C lies on (AB) but is not on D the
error is non-zero and may produce many useless edge subdivisions.

Object-Based Flatness Error Measure. This error measure is the
angle between the chords (AC) and (CB) passing through the real
mid-point C. As the angle approaches 180° the edge becomes flat.
The threshold is the angle over which the edge is viewed as flat.

Attribute-Based Error Measure. Referring to Figure 4(b), this
error measure is the distance between the linearly interpolated value
a; of an attribute at the midpoint and the actual value of this attribute
at the edge midpoint a,,.

Image-Based Geometric Error Measure. This error measure is
the distance, in pixels, between the line (AB) projected in image
space to the midpoint C also projected in image space. Because the
computation involves projection through the current camera matrix,
this error measure is view-dependent. As a result, the tessellation
may be crude in portions of the mesh away from the camera. Note
that one of the disadvantages of this approach is that tessellation
may be required each time the camera is repositioned relative to the
mesh.

3.4 Advanced Methods

In the first half of this section we described a basic algorithm fo-
cused on speed and simplicity. In this section we describe an al-
ternate tessellation method to demonstrate the utility of the frame-
work. (Details on these methods are available in [24] and addi-
tional research is ongoing.) This advanced method focuses on two
requirements: guaranteeing that the tessellation captures all topo-
logical features of the higher order bases, and producing a refined
mesh with high-quality elements. We address these topics in the
following subsections.

3.4.1 Capturing Topological Features

To capture all the features of the original higher-order basis, certain
conditions must be met on the tessellation. Often these conditions
depend on the characteristics of a visualization algorithm. For ex-
ample, linear isocontouring algorithms require that the following
conditions are met in order to produce topologically correct results.

* each mesh edge intersects an isocontour of a particular value
at most once,

* no isocontour intersects a mesh face without intersecting at
least two edges of the face, and

* no isocontour is completely contained within a single element.

By definition, these conditions are directly related to critical points,
since an extremum of a differentiable! ® over an open domain is
necessarily a critical point. Linear meshes assume that all extrema
of the scalar field @ : R? — IR occur at vertices, but in general when
using a higher-order basis this is not the case, and extrema can be
found interior to a cell. These three requirements above may be
rephrased in terms of critical points:

we assume the field is differentiable over each cell.
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Figure 5: Critical points must be connected into a proper tessellation.

(C1) @ has no interior extrema along any tessellant edge fkl We
may specify an edge as a linear relationship among parametric
coordinates so that, if the dependency is in terms of r, this con-
straint may be written g’ (r) = (%—? +a% +b37?)(r-s(r),t(r)) #
0 over some interval |ry,r;[C R, where a and b are real con-
stants. Note that one can have g’(r) = 0 (i.e., an extrema on
fkl) even though Vq)(m‘(r),t(r)) 75 0.

(C2) & has no interior extrema over any tessellant face sz We
may specify a face as a linear relationship among parametric

coordinates so that this constraint may be written, if the de-

pendency is that of ¢ in terms of r and s, (%i: +a%—?, %i: +

b%—?)(mﬁt(,ﬂv)) # 0 over some open domain U; C IR?, where
a and b are real constants. Once again, this expression can
vanish (i.e., both components are 0) even at a point where V&
does not.

(C3) Finally, we note that for a component of an isocontour to be
completely contained in some element, a critical point of the
differentiable @ must exist somewhere in the element. Thus,
we must insure that all extrema must occur at vertices.

In order to meet these requirements, it is clear that we must locate
all critical points on the interior of the element, as well as critical
points of @ restricted along each f,ﬁ Once located, these critical
points must be inserted into an initial tessellation of the element in
a way that preserves the properties described above?. For example,
consider a d-dimensional finite element with a set of d + 1 or more
critical points {rg,r},...,rm} € R;”“. There is no guarantee that an
edge 7 r; should exist in the tessellation. As Figure 5 illustrates in
two dimensions, the restriction of @ to the interior of r;;r; may have
some critical point that is not a critical point of ®. For instance,
if edge AC were used instead of edge BD, there is some isovalue
P(X) < D(A) along edge AC that would not appear in the output
since ®(X) < ®(A) < ®(C). Thus isosurfaces generated by ABC
and ACD would not be topologically correct, while those generated
by ABD and BCD would be correct. In fact, this means that the
tessellation of the initial cell vertices along with volume, face and
edge critical points must comply with (C1). In general, for an edge

2Because this initial tessellation then serves as an input to the edge-
subdivision algorithm, edge refinement will not miss features interior to an
element



to be present in the initial tessellation of an element, there should
be a path of steepest descent (or ascent) that connects its endpoints.

Faces and non-isolated critical introduce additional complexity.
Some tessellant faces(i.e., triangles) 77y, should not be in the
final tessellation because they may cross curves that induce a min-
imum or maximum on the restriction of ® to the face—this means
that the choice of subfaces is constrained by (C2). This is further
complicated when non-isolated critical points are allowed. Isosur-
facing algorithms allow edges or faces to be composed of critical
points, while curves and sheets of critical points are not allowed
interior to an element.

An initial tessellation that meets the above requirements will
guarantee that linear isosurfacing algorithms will produce topologi-
cally valid approximations>. Even without properly connecting the
critical points, the true range of ® over R will be represented, which
is perhaps the most basic characterization of ® possible. However,
it is possible that other visualization algorithms make assumptions
beyond the ones considered above. For example, some volume
rendering algorithms assume that scalar values along a ray pass-
ing through an element are constant or linear (even though trilinear
interpolants do not meet this criterion except along a coordinate
axis). Specific visualization algorithm requirements must be con-
sidered when developing an initial tessellation.

The framework supports this by allowing each class representing
a type of cell to present an initial tessellation to the tessellation
algorithm. This initial tessellation may be altered depending on the
requirements at hand.

3.4.2 Refined Element Quality

Although visualization algorithms are generally less susceptible to
simplices of poor quality than finite element simulations, there are
many instances in which poor element quality can be problematic.
For example, hardware interpolation across a long, thin triangle can
introduce artifacts during rendering. To ensure a high-quality tes-
sellation, there are various approaches that can be used to improve
quality. One simple, effective approach in 3D is to simply select the
best, alternative tessellation of a tetrahedra that does not affect the
triangulation on its faces. This choice is due to the fact that certain
configurations of edge subdivision may be tessellated in more than
one way.

The framework supports quality-driven tessellation by separat-
ing the adaptive tessellation functionality into a class of its own.
Implementing this capability (or other tessellation scheme) requires
deriving from the GenericCellTessellator class (see Figure 2).

4 RESULTS

In this section we use our framework to visualize several datasets
to demonstrate its effectiveness. The framework code is integrated
into VTK and available for download from vtk.org. Note that
in Sections 4.1 through 4.3, adaptors to Simmetrix, Inc.’s (sim-
metrix.com) proprietary commercial system were used to process
the datasets shown. In Section 4.4, adaptors to Sandia’s S3D simu-
lation system were used.

4.1 Linear Geometry, Cubic Attribute

The first example is a finite element mesh with linear elements and
cubic attribute functions (the Kovasznay flow problem). Figure 1
compares how visualizing the mesh as linear elements (Figure 1(a))

3We can further extend linear isosurfacing algorithms to find zeros of
the higher-order interpolant rather than the linear one so that the piecewise
approximation of the isosurface will be exact at each output vertex.
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Figure 6: Results showing (a) linear, (b) one level of uniform subdi-
vision, and (c) adaptive subdivision.

or performing one level of fixed subdivision ((Figure 1(b)) com-
pares to adaptive methods (Figures 1(c) and (d)). Note that Fig-
ures 1(a) and (b) are typical of what current visualization systems
produce.

[ Mesh | Time (secs) | Points [ Cells |
Linear 0.03 86 293
One Subdivision 0.06 524 2,344
Adaptive (1.0% error) 0.44 4,901 22,892
Adaptive (0.1% error) 18.2 | 177,348 | 925,761

Table 1: Results for Figure 1.

4.2 Quadratic Geometry, Quadratic Attribute

The next example is a finite element mesh with quadratic geometric
and attribute basis functions. The attribute data is an approximation
to the analytic function f(x,y,z) = y* + 2>+ 10(1 —x). Figure 6
compares how visualizing the mesh as linear elements (Figure 1(a))
or performing one level of fixed subdivision ((Figure 1(b)) com-
pares to the adaptive method. For the adaptive method, a flatness
error measure of 177° and error of 0.1% in the attribute value was
used.

[ Mesh [ Time (secs) | Points [ Cells ]
Linear 0.08 415 1,227
One Subdivision 0.22 2,440 9,816
Adaptive 9.56 | 98,797 | 482,487

Table 2: Results for Figure 6.

4.3 Error Measures

The third example compares the effect of different error measures
on the adaptive tessellation process. As Figure 7 shows, a plate
with a hole is represented by a finite element mesh. Both the ge-
ometry and attribute data are interpolated with quadratic basis func-



tions. The attribute field is an approximation to the analytic func-
tion f(x,y,z) = 100(100x2 4 100y? + z). For comparison purposes,
the mesh is uniformly subdivided (three levels of subdivision) and
the resulting error in geometry and attribute data is used to specify
the error thresholds for the adaptive process. The geometric error
metric threshold is set to 2.7% of the diagonal of the bounding box
of the mesh. The attribute error metric threshold is set to 2.04%
of the attribute range. The flatness error metric threshold is set to
160.5°. Table 3 compares the number of points and cells created in
each case.

One of the more gratifying aspects of these results is that for
equivalent error measures, the adaptive subdivision produces fewer
linear primitives in faster time than the uniform subdivision. When
combining all the error measures (item #7 in Table 3), the adaptive
process ran nearly 20 times faster, and produces 34 and 50 times
fewer points and cells, respectively, than the fixed subdivision of
equivalent quality.

[ Mesh [ Time [ Points [ Cells |
Original (1) 0.01 82 200
Fixed (2) 0.87 | 19,612 | 102,400
Flatness (3) 0.0166 164 373
Geometric (4) 0.022 264 695
Attribute (5) 0.034 377 1,418
Flat. + attr. (6) 0.04 480 1,722
Geom. + attr. (7) 0.045 569 2,035

Table 3: Adaptive versus fixed subdivision for varying error measures.
(1) Original higher order mesh, (2) fixed subdivision,(3) flatness error
metric only, (4) geometric error metric only, (5) attribute error met-
ric only, (6) flatness and attribute error metrics, and (7) combined
geometric and attribute error metrics.

4.4 Quadratic Isocontouring

One application of higher order visualization is the identification of
features in complex flow simulations. In particular, Figure 8 shows
isocontours of the vorticity magnitude of a channel flow computed
with a 3-dimensional finite difference scheme using Sandia’s S3D
simulation package for turbulent reacting flows. To produce the iso-
contours, we adapted a 3 x 3 x 3 quadratic finite difference stencil
to the framework (Figure 9(b)). This contrasts with the traditional
approach of using trilinear interpolants for visualizing the results of
such finite difference simulations (Figure 9(a)). It is not clear what
the best interpolant is to represent such high order (up to order 12 in
each direction) finite difference solutions. However, by inspecting
differences in visualization results when employing interpolants of
different orders, we gain additional information about how the sim-
ulation is behaving.

5 CONCLUSION AND FUTURE WORK

We have developed a general, flexible framework supporting the
automatic tessellation of higher-order basis functions. The frame-
work supports cells that may employ different basis functions for
the interpolation of geometry and attribute data. By using an ab-
stract, adaptor-based architecture the framework may be extended
by adding new classes or derivation, and can be linked against exter-
nal simulation packages avoiding the need to duplicate data struc-
tures or convert data files. An error metric has been defined that
consists of a set of measures for geometry, data attribute and view
error, which may also be extended by object derivation. The error
metric controls an efficient, edge-based, recursive subdivision algo-
rithm that can produce compatible tessellations on demand during

(c) (@

(@

®

Figure 7: Adaptive versus fixed subdivision: (a,b) fixed subdivision,
(c,d) combined geometric and attribute error metrics, (e,f) geometric
error metric only, (g,h) flatness error metric only, and (i,j) attribute
error metric only.



Figure 8: lIsocontour of the vorticity magnitude of a channel flow
computed with a 3-dimensional finite difference scheme.

(a) (W)

Figure 9: Differences between linear (a) and quadratic (b) isocon-
tours of the same underlying finite difference simulation. Note the
differences in topology. (Dataset courtesy of A. Gruber (SINTEF).)

algorithm execution. The framework supports advanced techniques
such as pre-tessellation for critical points and the ability to control
mesh quality by selecting the best tessellations during the subdivi-
sion process.

We are currently working on improving the speed of the tessel-
lation process and investigating alternative error measures. In par-
ticular we continue to work on improving the quality of the adapted
mesh. This is especially challenging since the input to the algo-
rithm often consists of poorly shaped cells, and we want to insure
that any cells that we generate are of equal or better quality than the
Input.
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